Capillary instability of a liquid cylinder immersed in another liquid is analyzed using viscous potential flow. An effect of viscosity on the irrotational motion may be introduced by evaluating the viscous normal stress at the liquid-liquid interface on the irrotational motions. In a second approximation, the explicit effects of the discontinuity of the shear stress and tangential component of velocity which cannot be resolved pointwise in irrotational flows, can be removed in the mean from the power of traction integrals in the energy equation by the selection of two viscous corrections of the irrotational pressure. The actual resolution of these discontinuities presumably takes place in a boundary layer which is not computed or needed. We include the irrotational stress and pressure correction in the normal stress balance and compare the computed growth rates to the growth rates of the exact viscous flow solution. The agreement is excellent when one of the liquids is a gas; for two viscous liquids, the agreement is good to reasonable for the maximum growth rates but poor for long waves. Calculations show that good agreement is obtained when the vorticity is relatively small or the irrotational part is dominant in the exact viscous solution. We show that the irrotational viscous flow with pressure corrections gives rise to exactly the same dispersion relation as the dissipation method in which no pressure at all is required and the viscous effect is accounted for by evaluating the viscous dissipation using the irrotational flow.
I. INTRODUCTION
A liquid thread of mean radius R immersed in another liquid is subject to capillary instability. The capillary collapse can be described as a neck-down due to the surface tension ␥ in which the liquid is ejected from the throat of the neck, as seen in Fig. 1 . Capillary instability is responsible for drop formation in applications such as ink-jet printing, fiber spinning, and silicon chip technology.
The dynamical theory of instability of a long cylindrical column of liquid of radius R under the action of capillary force was given by Rayleigh 1 following earlier work by Plateau 2 who showed that a long cylinder of liquid is unstable to disturbances with wavelengths greater than 2R. Rayleigh showed that the effect of inertia is such that the wavelength corresponding to the mode of maximum instability is = 4.51ϫ 2R, exceeding considerably the circumference of the cylinder. The idea that the wavelength associated with fastest growing growth rate would become dominant and be observed in practice was first put forward by Rayleigh. 1 The analysis of Rayleigh is based on potential flow of an inviscid liquid neglecting the effect of the outside fluid. An attempt to account for viscous effects was made by Rayleigh 3 again neglecting the effect of the surrounding fluid. One of the effects considered is meant to account for the forward motion of an inviscid fluid with a resistance proportional to velocity. The effect of viscosity is treated in the special case in which the viscosity is so great that inertia may be neglected. He showed that the wavelength for maximum growth is very large, strictly infinite. Weber 4 extended Rayleigh's theory by considering an effect of viscosity and that of surrounding air on the stability of a columnar jet. The effect of viscosity on the stability of a liquid cylinder when the surrounding fluid is neglected and on a hollow ͑dynami-cally passive͒ cylinder in a viscous liquid was treated briefly by Chandrasekhar. 5 Eggers 6 has given a comprehensive review of nonlinear dynamics and breakup of free surface flows. Tomotika 7 studied capillary instability and gave an exact normal mode solution of the linearized Navier-Stokes equations. Funada and Joseph 8 analyzed the same problem assuming that the flow is irrotational. In their potential flow analyses, the growth rate of the instability is obtained by considering the normal stress balance at the interface. If the viscosities of the liquids are ignored and only the irrotational pressure and capillary force enter the balance, the analysis is called an inviscid potential flow analysis ͑IPF͒. If the viscous stress is included in the normal stress balance, the analysis is called a viscous potential flow analysis ͑VPF͒. Funada and Joseph 8 showed that the growth rates computed using VPF are more accurate than using IPF. a͒ Wang, Joseph, and Funada 9 computed a viscous correction of the irrotational pressure using a formulation proposed by Joseph and Wang. 10 This viscous correction of VPF, called VCVPF, is also an irrotational flow which differs from VPF only by the additional viscous pressures. These additional pressures are presumably induced in a boundary layer by the discrepancy between the nonzero irrotational shear stress and the zero-shear-stress condition at a free surface. The boundary layer is not studied and is not needed in determining the pressure correction. Wang, Joseph, and Funada 9 considered capillary instability in cases in which one liquid is viscous and the other is a gas of negligible density and viscosity. They included the pressure correction in the normal stress balance at the free surface and showed that the growth rates computed using VCVPF are almost indistinguishable from the exact solution.
Here, we extend the VCVPF analysis to cases involving the interface of two viscous fluids. The formulation for the pressure correction is derived and used to compute growth rates for capillary instability of two viscous fluids. The computed values of the maximum growth rate and the associated wave number computed from VCVPF are close to those from the exact solution; but the growth rates at small wave numbers are not in good agreement.
Another way to obtain a viscous correction of VPF is by evaluating the viscous dissipation in the liquid using the irrotational flow. The dissipation method was introduced by Lamb 11 in his study of the effect of viscosity on the decay of irrotational waves on water. We carry out the dissipation calculation for the capillary instability of two viscous fluids and show that the growth rates are the same as from VCVPF.
Our theory of VCVPF is a purely irrotational approximation to the exact viscous solution. Other approximations for interfacial flows have been studied by many investigators in the context of drop oscillations ͑Lamb, 11 Miller and Scriven, 12 Prosperetti, 13 Lundgren and Mansour
14
͒. Miller and Scriven 12 studied the oscillation of a liquid droplet immersed in another fluid. They found that the approximation based on irrotational profiles is adequate when the interface is free and either the interior or exterior fluid is a gas of negligible density and viscosity. When the viscosities of the two fluids are comparable, the viscous dissipation in the boundary layer near the interface gives significant contribution to the damping rate of the oscillation. The irrotational flows, which do not account for the boundary-layer flow, do not lead to a good approximations of the damping rate. Miller and Scriven's conclusions are generally consistent with our results for capillary instability: the agreement between VCVPF and the exact solution is remarkably good in gas-liquid cases; it is not as good in liquid-liquid cases, but a reasonable approximation can still be obtained from the purely irrotational solution in a neighborhood of the maximum growth rate.
II. LINEARIZED EQUATIONS GOVERNING CAPILLARY INSTABILITY
Consider the stability of a liquid cylinder of radius R with viscosity l and density l surrounded by another fluid with viscosity a and density a under capillary forces generated by interfacial tension ␥. Note that we use the subscript "l" for the inside fluid and "a" for the outside fluid. The analysis is done in cylindrical coordinates ͑r , , z͒ and only axisymmetric disturbances independent of are considered. The linearized Navier-Stokes equations and interfacial conditions are made dimensionless with the following scales:
where D is the diameter of the liquid cylinder, U 
The kinematic condition at the interface r =1/2+ ͑where is the varicose displacement͒ is given by
The normal stress balance at the interface is given by
The tangential stress balance at the interface is given by
ͪ.
͑7͒
The continuity of the velocity at the interface requires u l = u a ,
͑8͒
w l = w a . ͑9͒ and the basic variables are expressed in normal modes,
III. FULLY VISCOUS FLOW ANALYSIS
l = ͓A 1 rI 1 ͑kr͒ + A 2 rI 1 ͑k l r͔͒exp͑t + ikz͒, ͑11͒ a = ͓B 1 rK 1 ͑kr͒ + B 2 rK 1 ͑k a r͔͒exp͑t + ikz͒, ͑12͒ = H exp͑t + ikz͒,
͑13͒
where is the complex growth rate and k is the wave number; the modified Bessel functions of the first order are denoted by I 1 for the first kind and K 1 for the second kind. Substitution of ͑11͒-͑13͒ to ͑6͒-͑9͒ leads to the solvability condition, which is given as the dispersion relation,
where
. ͑18͒
IV. VISCOUS POTENTIAL FLOW ANALYSIS
The potential flow solution ͑Funada and Joseph ͒ is given by u = ١ , ٌ 2 = 0, where is the velocity potential. The normal stress balance ͑6͒ and normal velocity continuity ͑8͒ are satisfied; the shear stress and tangential velocity conditions ͑7͒ and ͑9͒ cannot be enforced. The potential solution can be expressed as
͑21͒
for which the dispersion relation is given by
Solving ͑22͒, we obtain
͑24͒
Thus instability arises in 0 Ͻ kR Ͻ 1, for which the dimensionless critical wave number k c =1/R = 2. When ͱ J → ϱ,
which is just the dispersion relation in IPF; the same dispersion relation was obtained by Christiansen and Hixson.
V. PRESSURE CORRECTION FOR VISCOUS POTENTIAL FLOW
Joseph and Wang 10 derived a viscous correction for the irrotational pressure at free surfaces of steady flows, which is induced by the discrepancy between the nonzero irrotational shear stress and the zero-shear-stress condition at free surfaces. In the VPF analysis of capillary instability, the interface between two viscous fluids is involved and the two potential flows are unsteady. We will derive the pressure correction for capillary instability from the basic mechanical energy equation.
If we ignore the small deformation in the linear problem, we have n 1 = e r as the outward normal at the interface for the inside fluid; n 2 =−n 1 is the outward normal for the outside fluid; t = e z is the unit tangential vector. We use the superscript "i" for "irrotational" and "v" for "viscous." The normal and shear parts of the viscous stress are represented by n and s , respectively. The velocities and stresses are evaluated using the potentials, which are expressed by stream functions ͑19͒ and ͑20͒. The mechanical energy equations for the outside and inside fluids are, respectively,
With the continuity of the normal velocity
the sum of ͑26͒ and ͑27͒ can be written as
Now consider the boundary layer approximation of viscous potential flow. We propose two pressure corrections, p l v and p a v , for the inside and outside potential flows, respectively, together with the continuity conditions
We assume that the boundary layer approximation has a negligible effect on the flow in the bulk liquid but it changes the pressure and continuity conditions at the interface. Hence, the mechanical energy equations become
The sum of ͑31͒ and ͑32͒ can be written as
Comparing ͑29͒ and ͑33͒, we obtain an equation which relates the pressure corrections to the uncompensated irrotational shear stresses
Joseph and Wang 10 showed that in linearized problems, the governing equation for the pressure corrections is
Solving Eq. ͑35͒, we obtain the two pressure corrections,
where C j Ј and D j Ј are constants to be determined, j is an integer, and is the period in z direction. Suppose 2j 0 / = k, C j 0
can be written as 
With the pressure corrections, the normal stress balance has the following form:
which gives rise to
͑41͒
By orthogonality of the Fourier series, we obtain
replaces the normal stress balance and can be solved for the growth rate . However, the undetermined part C k I 0 ͑kR͒ − D k K 0 ͑kR͒ has to be computed from ͑34͒ before we can solve ͑42͒. Substitution of ͑38͒, ͑39͒, and ͑43͒ into the left-hand side of ͑34͒ gives rise to
where ū n is the conjugate of u n . The right-hand side of ͑34͒ can be evaluated,
Combining ͑44͒ and ͑45͒, we obtain
͑46͒
The normal velocity continuity condition ͑28͒ leads to
Substitution of ͑47͒ into ͑46͒ leads to
͑48͒
Inserting ͑47͒ and ͑48͒ into ͑42͒, we obtain the dispersion relation
where ␣ l , ␣ a , ␤ a , and ␤ l are defined in ͑23͒. Solving ͑49͒, we obtain the growth rate
. ͑50͒
VI. COMPARISON OF GROWTH RATES
We calculate the growth rate using IPF ͑25͒, VPF ͑24͒, and VCVPF ͑50͒ and compare these results with the exact solution ͑14͒. We choose five pairs of fluids to study capillary instability and the properties of the fluids, and controlling dimensionless parameters are listed in Table I .
We are essentially comparing solutions assuming irrotational flows to the exact solution. To better understand the potential flow approximation to the fully viscous flow, we may evaluate the vorticity, in the interior and exterior fluids from the exact solution.
When the vorticity is great, the potential flow cannot give a satisfactory approximation. The vorticity is
in the interior fluid and is
in the exterior fluid. The magnitudes of l and a are proportional to A 2 and B 2 , respectively. We normalize them by B 2 so that the two magnitudes are measured by the same scale and can be compared. The normalized magnitudes of the vorticities at the interface ͑r Ϸ R͒ are
͑54͒
Note that we add a minus sign for l * . The reason is that the vorticity vectors in the interior and exterior fluids are in opposite directions, leading to vorticities of opposite signs. By adding a minus sign for l * , we obtain the absolute value of the vorticity in the interior fluid. To compute ͑54͒, we need to know the value of A 2 / B 2 . This can be achieved by manipulation of the dispersion relation ͑14͒,
from which we can solve for A 1 / B 2 , A 2 / B 2 , and B 1 / B 2 .
We note that the stream functions ͑11͒ and ͑12͒ in the exact solution can be divided into the irrotational part and rotational part:
The irrotational parts are exactly the potential flow solution, whereas the vorticities are solely determined by the rotational parts. When the irrotational parts dominate, potential flows can give good approximation to the exact solution; when the rotational parts are important, the approximation cannot be satisfactory. We define two ratios of the irrotational part to the rotational part:
͑59͒
These two ratios characterize the relative importance of the irrotational and rotational parts at the interface. When the Reynolds number is large, we expect the values of the ratios to be high.
We present the comparison of the growth rates computed from IPF, VPF, VCVPF, and the exact solution in Figs. 2-6 for the five pairs of fluids listed in Table I . In each case, a growth rate vs wave-number plot, a vorticity vs wavenumber plot, and a plot for the two ratios f l and f a vs wave number are shown. The vorticity plot and the plot for the two ratios can help to understand the agreement and disagreement between the growth rates from potential-based solutions and from the exact solution.
When the Reynolds number is high ͑Figs. 2 and 3͒, the three potential flow based solutions are essentially the same; they are in good agreement with the exact solution in the maximum growth region ͑see exact solution when k Ӷ 1. When the Reynolds number is lower ͑Figs. 4 and 5͒ IPF and VPF deviate from the exact solution in the maximum growth region whereas VCVPF can give almost the same maximum growth rate m and the associated wave number k m as the exact solution. However, VCVPF dose not differ greatly from IPF or VPF when k Ӷ 1. Figure 6 shows the results for case 5 in which the Reynolds number is low and the viscosity ratio m ϳ O͑1͒; VCVPF does not give the correct values of m and k m in this case.
The vorticity as a function of the wave number k helps to understand the nonuniform agreement between the VCVPF results and the exact results. In cases 1, 2, and 3 ͑Figs. 2-4͒, the magnitude of the vorticity is large when k Ӷ 1 and small in the maximum growth region. This could explain the good agreement in the maximum growth region and poor agreement when k Ӷ 1. In cases 4 and 5 ͑Figs. 5 and 6͒, the magnitude of the vorticity is large at almost all the values of k except when k is very close to k c = 2. The distribution of the vorticity is helpful for understanding the growth rate calculation but a clear explanation for the nonuniform agreement is not obtained in cases 4 and 5.
We find that the values of the two ratios f l and f a are close to 1 when k Ӷ 1 in all the cases, indicating that the rotational parts are important for long waves even at high Reynolds number. This is consistent with our growth rate calculation, which shows that the agreement between VCVPF and the exact solution is poor for long waves. In the maximum growth region ͑k close to 1͒, the values of f l and f a are larger than for long waves. When the Reynolds number is large, the maximum value of f l and f a is large, indicating that the irrotational parts dominate the solution; at the same time, we observe good agreement between VCVPF and the exact solution for wave numbers near k m . When the Reynolds number is small, the values of f l and f a are close to 1 in the whole range of k; at the same time, we observe that the agreement between VCVPF and the exact solution is poor at almost all the values of k.
VII. DISSIPATION CALCULATION FOR CAPILLARY INSTABILITY
The dissipation method is a way to include viscous effects into solutions assuming potential flows. Joseph and Wang 10 showed that VCVPF and dissipation method give the same results in a few problems involving free surfaces, such as the drag force on a spherical or oblate ellipsoidal gas bubble and the decay rate of free gravity waves on water. Wang, Joseph, and Funada 9 showed that the dissipation calculation gives the same growth rates as VCVPF for capillary instability involving a gas and a viscous fluid. Here we extend the dissipation calculation to capillary instability of two viscous fluids.
The sum of the mechanical energy equations of the interior and exterior fluids can be written as FIG. 2 . ͑a͒ The growth rate vs k for case 1, mercury in water. The three potential-flow-based analyses agree with the exact solution well but deviate from it slightly when k Ӷ 1. ͑b͒ The vorticities l * and a * vs k for case 1. The magnitude of the vorticity is large when k Ӷ 1 and small when k is about 1. ͑c͒ The two ratios f l and f a vs k for case 1. The irrotational parts dominate when k is close to 1; the irrotational and rotational parts are comparable when k Ӷ 1 or k Ϸ 2. The dominance of the irrotational part in the maximum growth region is understandable because the Reynolds number is very high, 2.080ϫ 10 7 . Both the vorticities and the two ratios could help to understand the deviation of the potential based analyses from the exact solution when k Ӷ 1.
FIG. 3. ͑a͒
The growth rate vs k for case 2, water in benzene. The three potential-flow-based analyses agree with the exact solution in the maximum growth region but deviate from it considerably when k is small. ͑b͒ The vorticities l * and a * vs k for case 2. The magnitude of the vorticity is large when k Ӷ 1 and small in the maximum growth region. ͑c͒ The two ratios f l and f a vs k for case 2. The ratios are high when k is close to 1 but close to 1 when k Ӷ 1 or k Ϸ 2. The maximum value of f l is 10.37 here, smaller than the value 66.82 in case 1. The reason is that the Reynolds number in case 2 is smaller than in case 1. Both the vorticities and the two ratios could help to understand the good agreement in the maximum growth region and poor agreement when k Ӷ 1 as shown in ͑a͒.
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We assume that the normal stress balance
and the continuity of the tangential velocity and stress,
are all satisfied at the interface. At the same time, the flow in the bulk of the fluids are approximated by potential flow, for which the following identity can be easily proved:
where A is the surface of V and n is the unit normal pointing outward. Inserting ͑61͒-͑63͒ into ͑60͒, we obtain
The dimensionless form of ͑64͒ is
The integrals in ͑65͒ are evaluated FIG. 4 . ͑a͒ The growth rate vs k for case 3, glycerin in mercury. In the maximum region, IPF and VPF overestimate the growth rate whereas VCVPF gives almost the same value as EXACT. IPF, VPF, and VCVPF deviate from the exact solution considerably when k Ӷ 1. ͑b͒ The vorticities l * and a * vs k for case 3. The magnitude of the vorticity is large when k Ӷ 1 and small in the maximum growth region. ͑c͒ The two ratios f l and f a vs k for case 3. The ratios are high when k is close to 1 but close to 1 when k Ӷ 1 or k Ϸ 2. The maximum value of f l is 1.83, much smaller than in case 1 and case 2. At the same time the Reynolds number is also much smaller than in case 1 and case 2. It is noted that the maximum value of f a is 17.19, much larger than f l . The reason is that the value of f a should correspond to the Reynolds number based on a and a , which is 2.08ϫ 10 7 in case 3. Both the vorticities and the two ratios could help to understand the good agreement in the maximum growth region and poor agreement when k Ӷ 1 as shown in ͑a͒.
FIG. 5. ͑a͒
The growth rate vs k for case 4, goldensyrup in paraffin. IPF and VPF deviate from the exact solution considerably in the whole range of k ഛ k c = 2. VCVPF is still in good agreement with the exact solution in the maximum growth region. ͑b͒ The vorticities l * and a * vs k for case 4. The magnitude of the vorticity is large at almost all the values of k except when k is very close to k c =2. ͑c͒ The two ratios f l and f a vs k for case 4. The maximum value of f l and f a does not exceed 1.3, indicating that the rotational parts are important in the whole range of k. This could explain the deviation of IPF and VPF from the exact solution in the whole range. At the same time, the curve for f a shows that the ratio is higher in the maximum growth region than in the region where k Ӷ 1 or k Ϸ 2. This may help to understand the good agreement between VCVPF and the exact solution in the neighborhood of the maximum growth rate. 
Inserting ͑66͒-͑70͒ into ͑65͒, we obtain
where ␣ l , ␣ a , ␤ a , and ␤ l are defined in ͑23͒. If we assume that is real, ͑71͒ is the same as the dispersion relation ͑49͒ from the VCVPF solution. The solution of the dispersion relation is given in ͑50͒. In the range 0 Ͻ k ഛ 1/R =2, is real and our assumption is satisfied. Therefore, the growth rate computed by the dissipation calculation is the same as that computed by the VCVPF.
VIII. DISCUSSION OF THE PRESSURE CORRECTIONS AT THE INTERFACE OF TWO VISCOUS FLUIDS
Our pressure corrections arise in a boundary layer induced by the discontinuity of the tangential velocity and shear stress at the interface evaluated using the potential solution. We assume that the boundary layer is thin and when the boundary layer is considered, the tangential velocity and shear stress are continuous at the interface. This assumption leads to good agreements between the exact solution and VCVPF for the liquid-gas cases and less good agreements, better than what might be expected, in the cases of two fluids for which the boundary layer assumptions do not hold uniformly and will be discussed in this section. In the boundary layer near the interface, we divide the velocity and pressure into irrotational part and viscous correction part,
The irrotational tangential velocities at the interface are
The tangential stresses at the interface evaluated using the potential flows are
The continuity of the tangential velocity requires
If we assume w a v = qw l v , ͑78͒ can be written as
͑79͒
The continuity of the shear stress requires
͑80͒
Since the potential flow solution satisfies the continuity of the normal velocity u l i = u a i , the viscous corrections to the normal velocity in the boundary layer should be very small.
Thus ‫ץ‬u l v / ‫ץ‬z and ‫ץ‬u a v / ‫ץ‬z can be ignored and ͑80͒ becomes
Assuming that the boundary layer thickness ␦ is small, we can write ͑81͒ approximately as
Comparing ͑79͒ and ͑82͒, we obtain
Therefore, ͑83͒ needs to be satisfied if the continuities of the tangential velocity and stress are to be enforced. In other words, the assumptions on which VCVPF is based are valid only if ͑83͒ is satisfied. Since we do not solve the boundary layer problem, q and ␦ are unknown and we are not able to determine if ͑83͒ is satisfied. However, we may assume that ␦ is very small and estimate the possibility of satisfying ͑83͒ under different conditions, i.e., different values of m and k.
We have the following observations regarding ͑83͒.
͑1͒ Since ␦ is supposed to be small, ͑83͒ is easier to satisfy when the right-hand side is larger. Calculation shows that the right-hand side of ͑83͒ is 5 ϫ 10 −7 when k = 0.001 and is 1.36 when k = 2. Therefore, ͑83͒ can be satisfied for k close to k c = 2 but is very difficult to satisfy for small k. This observation could help to understand the results of the growth rate calculation, i.e., the agreement between VCVPF and the exact solution is good for k close to k c but is poor when k Ӷ 1.
͑2͒ The term on the left-hand side of ͑83͒
should be comparable to or even smaller than ␦, so that ͑83͒ can be satisfied. We find that for certain values of q, ͑84͒ is small when m is much smaller than 1 and is large when m is close to 1. For example, if we fix q at 10, the value of ͑84͒ is 0.0125 when m = 0.11 and is 8.89 when m = 0.9. This observation may help to understand our growth rate calculation at low Reynolds numbers. In case 4, m = 3.091ϫ 10 −4 and VCVPF is in good agreement with the exact solution in the region of maximum growth; in case 5, m = 0.5455 and VCVPF does not give the correct maximum growth rate m and the associated wave number k m . The value of m does not seem to be important at high Reynolds numbers. In cases 1 and 2, IPF, VPF, VCVPF all agree well with the exact solution in the region of maximum growth even when the value of m is relatively close to 1. This is because the boundary layer and the viscous correction are not important at high Reynolds numbers.
We have shown that the condition ͑83͒ can be satisfied in some cases ͑k close to k c = 2 and m Ӷ 1͒, and is very difficult to satisfy in other cases ͑k Ӷ 1 or m close to 1͒. When ͑83͒ is satisfied, the assumption of continuous tangential velocity and stress is realized approximately and our calculation does show good agreement between VCVPF and VPF. When ͑83͒ is difficult to satisfy, VCVPF may not give a good approximation to the exact solution, especially at low Reynolds numbers. Thus, viscous potential flows with pressure corrections can be used to approximate viscous flows in problems involving the interface of two viscous fluids, but this approximation is not uniformly valid. When the viscous corrections for the velocity and pressure are added to the irrotational flow, the complete form of the normal stress balance is
The viscous corrections of the velocity satisfy the continuity equation
We may estimate the order of the terms in ͑86͒,
Combining ͑82͒ and ͑87͒, we obtain
At the same time, we have 
IX. CONCLUSIONS
A method for computing a viscous correction of viscous potential flow is derived for problems in which the interface of two fluids is involved and the flows of the two fluids are assumed to be irrotational. The potential flow solution u = ١ , ٌ 2 = 0 generally cannot satisfy the zero-shear-stress condition at gas-liquid interfaces or the continuity of the tangential velocity and shear stress at liquid-liquid interfaces. We assume that the flow can be approximated by a thin boundary layer near the interface and potential flow in the bulk liquids. Within this boundary layer, all the physical boundary conditions are satisfied. The velocity and pressure fields in the boundary layer can be decomposed into viscous and potential parts, where the potential part is already known. Substitution of this decomposition into the NavierStokes equations gives rise to equations for unknown viscous pressure and velocity fields. This procedure is similar to the analysis of Moore, 16 Prosperetti, 17 and Kang and Leal. 18 However, our method is simpler because the viscous part of the velocity field in the boundary layer is not needed since the leading order direct effects are accommodated by the viscous part of the normal stress evaluated on the irrotational motion, but the viscous part of the pressure at the interface is of the same order as the irrotational normal stress and it is needed. The linearized equations coupling the viscous part of the solenoidal velocity field to the viscous part of the pressure imply that this pressure is harmonic. The Laplace equation for this is solved to obtain the viscous pressure field in the form of a harmonics series with arbitrary coefficients. For nonlinear problems, the viscous pressure at the interface is expanded directly in a surface harmonics series with arbitrary coefficients. To determine the arbitrary coefficients, we formulate two mechanical energy equations using ͑1͒ VPF and ͑2͒ VCVPF, respectively. In case ͑1͒, only the potential flow solutions are used in the mechanical energy equation giving rise to a relation which equates the volume integrals of the dissipation and the rate of change of kinetic energy to the power of the normal and tangential tractions exerted by the potential flows on either side of the interface. In case ͑2͒, the potential flow with the viscous correction of the pressure which arises in the boundary layer appears at the interface in the traction integral that appears in the mechanical energy equation. The tangential velocities and stresses are continuous and no terms due to tractions from the shear stresses appear. The viscous normal stress arising from the viscous component of the velocity field in the boundary layer is assumed to be small and neglected. For example, in the analysis of the decay of free gravity waves, Joseph and Wang 10 showed that this extra viscous normal stress is in the order of the boundary layer thickness ␦ and negligible. The power due to the normal tractions then includes contributions from the pressure and viscous normal stress evaluated using the potential solutions and from the extra viscous pressure. We assume the boundary layer is so thin that the volume integrals inside the boundary layer are negligible compared to those in the bulk liquids. Therefore, the volume integrals of the dissipation and the rate of change of kinetic energy are approximately equal to those evaluated using potential flow solutions. Comparing the above two mechanical energy equations, one finds that the power due to the traction of the extra viscous pressure at the interface is equal to the power due to the tangential traction of the irrotational shear stresses. This relation is then used to determine the coefficient of the principal mode in the harmonic series expression for the extra viscous pressure; the principal mode is defined as the mode matched to the velocity potential. The principle mode of the extra viscous pressure is then determined and can be used in calculations of the hydrodynamics for the problem, such as the normal stress balance at the interface in capillary instability and the direct calculation of drag on bubbles and drops. This viscous pressure correction is applied to capillary instability and gives rise to growth rate curves closer to the exact solution than inviscid or viscous potential flow. The
052105-11
Pressure corrections for potential flow analysis Phys. Fluids 17, 052105 ͑2005͒ viscous correction of the pressure leads to an excellent approximation of the exact solution, uniform in the wave number, when one of the two fluids is a gas. For two viscous liquids the approximation of the maximum growth rates is reasonable to good but the long waves are not well approximated. The nonuniform improvements which we get with pressure corrections at liquid-liquid interfaces is unanticipated. Unlike the free surface problems in which the boundary layer is considered to be weak, the boundary layer near a liquid-liquid interface is often the major source of the viscous dissipation of the flow, and the irrotational flow solution is considered to be a very poor approximation to the exact solution. However, our analysis shows that viscous potential flows with pressure corrections can approximate the exact solution in some cases, even though the approximation is not uniformly valid. Our pressure corrections arise in a boundary layer induced by the discontinuity of the tangential velocity and shear stress at the interface evaluated using the potential solution. We assume that the boundary layer is thin and when the boundary layer is considered, the tangential velocity and shear stress are continuous at the interface. We find that in the problem of capillary instability, this assumption is difficult to satisfy for long waves but is possible to satisfy near the region of maximum growth. This observation helps to explain why the approximation using the pressure correction is not uniform in the wave number. We evaluate the vorticity using the exact solution; when the vorticity is great, viscous potential flow with a pressure correction does not give a uniformly good approximation. We divide the stream functions of the exact solution into irrotational and rotational parts; the ratio of the irrotational part to the rotational part is computed. Larger ratios indicate that the irrotational parts dominate the solution and potential flow can give a good approximation. Both the vorticity and the ratio calculation are helpful in understanding the nonuniform improvement by the pressure correction.
We carry out dissipation calculation for capillary instability of two fluids. The growth rates from dissipation calculations are the same as those from viscous potential flow with pressure corrections.
